Definition 1: A triangle area number is the area number of a triangle whose sides have integer lengths and whose area is a rational number.
As it will be established in the last section of this paper, Section 6, every triangle area number is an even integer. Furthermore, every triangle area number is divisible by 3. A well known subset of the set of triangle area numbers is the set of Pythagorean numbers: those are the areas of Pythagorean triangles (right triangles with integer sides). Another interesting subset of the set of triangle area numbers is that of solid rectangular numbers (the precise defintion is given in Section 6); those numbers arise in connection with rectangular solids (or parallelepipeds) with integer edges and integer inner diagonals; more specifically, the solid rectangular numbers arise from the integer solutions to the diophantine equation (1) (see below). The formulas obtained in Result 2 of Section 5 do generate solid rectangular numbers exclusively (also see table below Result 2). In Section 6, where a complete description of triangle area numbers is given, it is shown that the formulas of Result 2 actually generate all the solid rectangular numbers and none other. At the end of this paper (end of Section 6) we list all triangle area
Introduction
As it will become evident, there is a close relationship between triangles with integer side lengths and whose area A is a rational number on the one hand, and the diophantine equation x 2 + y 2 + z 2 = t 2 (or its more general version, see (17) in Section 6) on theother hand. Consider
There is a specific geometric meaning behind the equation. If a quadruple of positive integers (x 0 , y 0 , z 0 , t 0 ) satisfies equation (1), then the rectangular solid whose length, width and height (twelve edges, three distinct edge length values) are the natural numbers x 0 , y 0 , z 0 , will have two inner diagonals both having length equal to the natural number t 0 . In Section 6, we establish a process wherein solutions of (1) are used to generate integer-sided triangle with rational area A. In order to clearly see how the relationship between such triangles and equation (1) arises, we must make use of the Heron-formula for the area A of the triangle. Let a, b, c be positive integers, the side lengths of a triangle.
Heron's formula: A = S · (s − a)(s − b)(s − c) where s = N 2 = a + b + c 2 , the semi-perimeter, N the perimeter of the triangle.
Squaring, we obtain A 2 = s · (s − a) · (s − b) · (s − c). If θ 1 , θ 2 , θ 3 are the degree (or radian) measures of the triangle's three angles, we know that
One can immediately observe that a triangle with integer sides a, b, c will have rational area A, if and only if all three sine values sin(θ 1 ), sin(θ 2 ), sin(θ 3 ) are rational numbers.
Also, any triangle with integer sides a, b, c will have rational cosine values cos(θ 1 ), cos(θ 2 ), cos(θ 3 ) (regardless of whether or not A is a rational number); this is an immediate consequence of the Law of Cosines
If we set
We also obtain from solving for a, b, c the following expressions:
Let δ be the greatest common divisor of the integers a, b, c. And d the greatest common divisor of the positive integers N 1 , N 2 , and N 3 . Note that N 1 , N 2 , and N 3 are indeed positive since b + c > a, a + c > b, a + b > c, these are the triangle inequalities. In the language of number theory,
2 The Relationship Between δ and d (Irrespective of Whether the Area is Rational)
How do integers δ and d relate? As it will be evident below, there are only two possibilities: either δ = d or 2δ = d. First note, by inspection, that (2) clearly shows that δ must be a divisor of d. Also, observe that depending on the combination of parities of a, b, and c, either all three N 1 , N 2 , and N 3 are odd; or they are all even.
In case all three N 1 , N 2 , and N 3 are odd, it is easy to see from (3) that d must also be a common divisor of a, b, and c; and hence a divisor of δ. So when N 1 , N 2 , and N 3 are odd, and δ and d must divide each other, and since they are positive, they must be equal. However, when N 1 , N 2 , and N 3 are all even, the situation becomes significantly more complicated. Without elaborating on the details, an analysis modulo 4 demonstrates that the following possibilities or combinations occur: (Parenthetically we note here that in the above observations, an underlying assumption was made-a fact very well known in number theory: every common divisor of any number of integers, must divide their greatest common divisor.)
Below, we include all possibilities, including the case where N 1 , N 2 , and N 3 are odd. This analysis is the result of equations (2) and (3), and considerations modulo 4. In total, we have seven broad occurrences or combinations:
Case 1: a, b, c are odd: N 1 , N 2 , and N 3 are odd, δ = d. Case 2: One of a, b, c is even and the other two odd: one of N 1 , N 2 , and N 3 is congruent to 0 modulo 4; the other two are congruent to 2(mod 4). In this case, d = 2δ. Case 3: Two of a, b, c are even, the other odd: N 1 , N 2 , N 3 are odd, and δ = d. Case 4: All three of a, b, c are even, with either all three being congruent to 2(mod 4); or with two of them congruent to 0(mod 4), the third one 2(mod 4). In either (sub)-case, all three N 1 , N 2 , N 3 must be congruent to 2(mod 4); δ = d. Case 5: Two of a, b, c are congruent to 2(mod 4), the third one congruent to 0(mod 4): Then, all three N 1 , N 2 , N 3 are multiples of 4; and d = 2δ. Case 6: All three a, b, c, are multiples of 4; and so must N 1 , N 2 , and N 3 be. And with the exponents α i 1 , α i 2 , α i 3 satisfying α i 1 ≥ α i 2 ≥ α i 3 , with at least one inequality sign being strict (so that not all α i 1 , α i 2 , α i 3 are equal), where (i 1 , i 2 , i 3 ) is a permutation of (1, 2, 3) and 2 α i 1 , 2 α i 2 , 2 α i 3 , are the highest powers of 2 dividing N i 1 , N i 2 , N i 3 , respectively. In this case d = 2δ. Case 7: All three a, b, c, are divisible by 4; and thus, so are N 1 , N 2 , and N 3 . And with N 1 , N 2 , N 3 being divisible by the same highest power of 2 (that is, α 1 = α 2 = α 3 in the notation of Case 6). In this case δ = d. 
note that since the perimeter N is equal to N = a + b + c, it is also true that N = N 1 + N 2 + N 3 (by adding the three equations in (2); or in (3)). In what is to follow, we will make the assumption below:
In other words, we will assume that N d is relatively prime to each of the
Remark 1: It can be proven that (6) implies 2, 3, 4, 5, and 7, listed 
The right-hand side of (7) is an integer, while the left-side is the square of a rational number. It is a standard exercise in elementary number theory to prove that if the square of a rational number is an integer, then the rational number itself must be an integer. In our situation this says that if 4A is a rational number (which is equivalent to saying that A is rational), then in fact, 4A must be an integer. Hence, the left side of (7), will be an integer square when A is rational. Now apply condition (6): Since the two
are relatively prime and the product is an integral square, each of them must be an integer square. (Another standard exercise in elementary number theory.) Thus, we must have
and
for some integers k and t. But we know that (2) or (3)), so that combined with N d = t 2 we obtain, 
We can now write,
for some positive integers
If we combine the formulas of (10) with (8) we obtain
The latter equation clearly shows that the product M 1 · M 2 · M 3 must be an integer square
for natural numbers k 1 , k 2 , and k 3 .
Combining (11) with the formulas in the second line of (10), and with (9) we arrive at the following necessary condition:
An immediate consequence of this necessary condition is the following result:
As part of the hypothesis of Result 1, assume condition (6) Result 1: Let a, b, c be the integer side-lengths of a triangle; and,
be a permutation of (1, 2, 3). (b) There exists no triangle with rational area,
and N i 3 d both odd, and
there is no triangle with rational area A.
, are assumed to be odd, it follows from
Proof:
(a) Since a, b, c are odd or two of them even the other odd; or since N 1 , N 2 , N 3 are divisible by the same highest power of 2; the integers
are odd, we argue by contradiction: If such a triangle existed, then the necessary condition (12) would be satisfied. Because (10) and (11) 
and from (10) and (11) that k i 2 , k i 3 are both odd while k i 1 is even by (10), (11), and the assumption that N i 1 d is even. Again, the argument is by contradiction: since k 2 i 1 ≡ 0 (mod 4); and since the integer t in (12) must be even, (12) would imply,
, which is impossible, since the hypothesis in part (b) implies
But the integers k 1 , k 2 , k 3 are mutually relatively prime; hence either all three are odd or one of them is even, the other two odd. Thus k An Immediate Consequence of Result 1(a): If an integer-sided triangle satisfying (6) has rational area A, then A must be, in fact, an even integer. To see why, consider the numbers N 1 , N 2 , N 3 , as defined in (2). Clearly either all three are odd or all three are even. If they are all odd, then that means, either the three sides a, b, c are odd; or two are even, the third odd; but then, according to Result 1(a), such a triangle cannot have rational area. Therefore, if A is rational, all three N 1 , N 2 , N 3 must be even, and consequently so must be the perimeter
; however, the product N · N 1 · N 2 · N 3 will be divisible by 16; thus, A will be the square root of the integer; so if A is rational, it must be an integer. To see that A must be even, observed that A would be odd only when each of N 1 , N 2 , N 3 , N is exactly divisible by 2; so that the product N 1 N 2 N 3 N is exactly divisible by 16; but that would mean, in particular, that the highest power of 2 dividing all three N 1 , N 2 , N 3 would be 2 1 ; this is precluded by Result 1a though.
The General Solution to Diophantine Equation (1):
This can be found in some number theory books. The derivation of the general solution (1) can be found in W. Sierpinski's book Elementary Theory of Numbers see [1] . Every solution (x, y, z, t), in positive integers x, y, z, and t, of equation (1) must be of the form,
where m, n, l are positive integers, n is a divisor of l 2 + m 2 and n < √ l 2 + m 2
And conversely, any quadruple (x, y, z, t) that satisfies (13) must be a solution in positive integers x, y, z, t, of equation (1). Below, we make the following remarks or observations:
Observation 1: If (x, y, z, t) is a (positive) integer solution to (1), note that an argument modulo 4 shows that at least two of x, y, z, t must be even integers.
Observation 2: If (x, y, z, t) is a solution to (1) with y and z even, then the numbers l = y 2 , m = z 2 , n = t − x 2 are clearly uniquely determined; which shows that every solution of the equation (1), in positive integer x, y, z, t with y, z even, is obtained exactly once by the use of formulas (13). Observation 3: In order to eliminate solutions of (1) with interchanged unknowns, we may reject pairs, l, m for which m > l and take only these n for which the numbers x are odd. Thus, eliminating also all the solutions of (1) for which x, y, z, and t are even. To include them again, it is sufficient to multiply each of the solutions with odd x by the powers of 2 successively. Below, we present a sample of fifteen solutions to (1), with m ≤ l and x odd. Proof: We compute four quantities in terms of x, y, z, and t:
A Sample of Solutions (with
And
Now apply Heron's formula:
, which proves that A is a rational number, in fact an integer since at least two of the x, y, z are even. (11) and (10)), that if we also take d = 2, then N 1 = 8, N 2 = 8, N 3 = 2; so that (from (3)) a = 8, b = 5, c = 5, and the area is A = 12.
Below, we use the table of sample solutions of equation (1) (found in the previous section) to generate integer-sided triangles with rational area. For this we use the formulas, found in Result 2, that generate the three sides a, b, and c. We take D = 2 , since in the table of sample solution to (1), x is odd. As it will become clear, in the next section (Section 6), all the numbers listed below are solid rectangular numbers. A complete description of triangle area numbers and solid rectangular numbers.
In this section we drop condition (6) of Section 3. The purpose of (6) was to simplify the situation in order to establish a connection with equation (1). So, we will only assume the validity of equations (1) through (5) 
And if
where the positive integers
, and M satisfy the following seven coprimeness conditions:
According to (4), 16A 2 = N · N 1 · N 2 · N 3 ; using the four formulas in (14) we obtain,
Since 4A is a rational number and the right-hand side of (15) is an integer, (4A) 2 must be an integer; which means that 4A must actually be an integer (we have already come across this argument in Section 3 -see below equation (7)). Therefore (4A) 2 is an integer square so that (15) implies that M 1 M 2 M 3 M must be an integer square as well: but according to the coprimeness conditions of (14), the integers M 1 , M 2 , M 3 , and M are actually mutually relatively prime, thus each of them must be an integer square. We have,
Applying the four formulas in (14) and those in (16), and combining these with the equation
we arrive at,
We need two Lemmas:
Lemma 1: If A, B, C are odd integers, then AB + BC + AC ≡ 3(mod 4).
Proof: Apply the identity (A+B +C) 2 = A 2 +B 2 +C 2 +2(AB +AC +BC). Since A + B + C ≡ 1(mod 2), we have (A + B + C) 2 ≡ 1(mod 8). Hence, from (A + B + C) 2 ≡ A 2 ≡ B 2 ≡ C 2 ≡ 1(mod 8) and the above identity we obtain (A + B + C)
Lemma 2: In equation (17), at least one of the following nine integers
Proof: If all these nine integers were odd, then so would the integer k, as a congruence modulo 2 in (17) shows. We would have k
2 ≡ 1(mod 4) and if we multiply both sides of (17) 
However, by applying Lemma 1, with
3 ≡ 1(mod 4), the last congruence implies
contradicting congruence (18).
We now go back to the four formulas found in (14), combining them with (16) and (3) to obtain the following set of formulas:
and sides a, b, c given by,
Now, apply Lemma 2. We know that at least one of the numbers
, must be even. This clearly shows in (19) that one or two
will be even, it can not be all of them because is a permutation of (1, 2, 3).
As the listing of all (not exceeding 999) triangle area numbers (at the end of this section) shows, some area numbers are multiples of 4 and some are congruent to 2 modulo 4. But as it turns out, all of them are divisible by 3. We have the following. (17) will be an even integer, but the right-hand side will be odd.
(c) To establish that A must be divisible by 3, we show that (at least) one of the ten integers
, k must be divisible by 3; it would then follow by the formula for 4A in (19) , that A must be a multiple of 3. We argue by contradiction; let us suppose that none of the ten numbers
; applying this to (17) considered modulo 3 we obtain, (ii) two of these three products are congruent to −1 modulo 3, the third congruent to 1 modulo 3. 
is not exclusive here); each of these three possibilities combined with 
with L 1 , L 2 , L 3 , δ 12 , δ 13 , δ 23 mutually relatively prime. By (21) and (17) we obtain,
Now it is clear if (x 0 , y 0 , z 0 , t 0 ) is a solution to (1), we must have (up to symmetry) according to (22),
By considering the coprimeness conditions of (14) and Note 2 (above Result 3), we can make the following observation:
The three conditions (i), (ii), and (iii) clearly shows that given any solution {x 0 , y 0 , z 0 , t 0 } to (1), with (x 0 , y 0 , z 0 ) = 1, the integers δ 12 , δ 13 , δ 23 , L 1 , L 2 , and L 3 are uniquely determined up to symmetry or permutations; hence by (23), it follows that the k 1 , k 2 , k 3 , k are likewise uniquely determined. If we make use of the area formula (19), combined with (21) and (23), a computation yields
Note that according to Observation 1 of Section 3, in any solution (x, y, z, t) to (1), at least two of x, y, z must be even. thus, since d is even, (24) clearly shows that the area number A must be divisible by 4. It is clear by now that every solid rectangular number arises directly from equation (1); moreover every solid rectangular number is the area of a unique triangle (up to the geometric transformations of reflection and symmetry): Indeed, by using the formulas for the sides a, b, and c in (19) in conjunction with (21) and (23) Note that the formulas in (25) are equivalent with the formulas of Result 2 in Section 5. Indeed, since the formulas of (25) hold under condition (x 0 , y 0 , z 0 ) = 1, they obviously satisfy the formulas of Result 2. Conversely, if we factor out the greatest common divisor (x 0 , y 0 , z 0 ) of x 0 , y 0 , z 0 in the formulas of Result 2, we immediately see that (25) is satisfied. Hence these formulas in (25) (or in Result 2) generate and describe all the triangles whose areas satisfy (24), i.e., they are solid rectangular numbers. We end this paper by listing all triangle area numbers not exceeding 999; also listing two important subsets; the Pythagorean numbers and the solid rectangular numbers. We must note here that there are many, in fact infinitely many, triangle area numbers that correspond to different triangles. It has been know for quite some time that there exist infinitely many pairs of Pythagorean triangles or triples with the same area number (Pythagorean numbers). In fact, there exist infinitely many triples of Pythagorean triangles with the same area number, explicitly parametrically described, refer to [2] for more details. There are exactly 96 triangle area, one digit, two digit, and three digit numbers.
Triangle Area Numbers ≤ 999: 6, 12, 24, 30, 36, 42, 48, 54, 60, 66, 72, 84, 90, 96, 108, 114, 120, 126, 132, 144, 150, 156, 168, 180, 192, 198, 204,  
